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Absztrakt.

Egy ellatasi lancot vizsgalunk egy beszallitovaégyg termeaivel. A termeb kereslete ilben
ismert. A termdl és a beszallitd koltségfiggvénye kvadratikus tersneés készlettartasi
koltségldl all. Ezen kivil értelmezink egy lineéaris beszsrkéltséget termélés a beszallito
kozott. A modell ebben az értelmezésben eqgy diffaédjatékként értelmezhetA beszallito
dontési valtozoja az értékesitési (beszerzési)saa éermelési rataja, mig a tergredk a
beszerzési mennyiség és a termelési rata. A praébjémint egy Nash-jatékot és mint
kooperativ jatékot értelmezzik, amit a Pareto-nugiént értelmezink. A feladatot igy
visszavezethetjik egy Holt-Modigliani-Muth-SimonNIMS) probléméra.

Kulcsszavak: Optimalis iranyitas, Ellatasi lancok koordinacidjagykereskedelmi arszéides, Dinamikus jaték

Abstract.

We investigate a supply chain with a supplier andaamufacturer. The manufacturer knows
the demand for her product. The product is proddicad a product supplied by the supplier.
The purchased product is stored in a cross-dockiag, i.e. there is no inventory of the
purchased product and the planned production isreddfrom the supplier. The costs of the
manufacturer consist of quadratic inventory holdowgts, quadratic production cost, and
linear purchasing cost. It is assumed that the etgrkce of the end product is known as well,
so the sales of the producer are calculated. Tieaidipurchasing cost is paid to the supplier.
The goal of the manufacturer is maximize her cutedlgrofits. The sales of the supplier are
the ordering cost of the manufacturer. The coststhe supplier are the quadratic
manufacturing and inventory holding costs. The gidahe supplier is to maximize the sales
reduced with the relevant costs. The supplier Aedranufacturer want to negotiate about the
sales price of the supplier and the quantity odiénethe manufacturer. In this paper we will
not examine the bargaining process which deternmiinesadequate price and quantity. The
situation is modeled as a differential game. Thagilen variables of the supplier are the sales
price and the production quantity of the suppliene manufacturer will choose the cost
minimal production plan to minimize her costs, saximize the cumulated profits. The
problem is a differential game with two players.eTbasic problem is a Holt-Modigliani-
Muth-Simon (HMMS) problem extended with linear puasing costs. We will examine two
cases: the decentralized Nash-solution and a deettaPareto-solution to optimize the
behaviors of the players of the game.

Keywords: Optimal control, Supply chain coordination, Whallesprice contract, Dynamic game



1. Introduction

Supply chain coordination is a tool in supply chamravoid extra costs of the participants in
the value chain. It is often called as verticabgration. There are a number of tools which
lead to supply chain or channel coordination. Thestmmportant tool of the supply chain
coordination is the contracts. (See Tsay et al99l%nd Cachon (2003).) With supply
contracts the members of a supply chain can avordduce the well-known bullwhip effect.
In this paper we examine one of the supply chaitreects: the wholesale price contract in a
dynamic environment.

We investigate a supply chain with a supplier andaamufacturer. The manufacturer knows
the demand for her product. The product is proddicad a product supplied by the supplier.
The purchased product is stored in a cross-dockiayg, i.e. there is no inventory of the
purchased product and the planned production isreddfrom the supplier. The costs of the
manufacturer consist of quadratic inventory holdougts, quadratic production cost, and
linear purchasing cost. It is assumed that the atgice of the end product is known as well,
so the sales of the producer are calculated. Ti@aidipurchasing cost is paid to the supplier.
The goal of the manufacturer is maximize her cutedlgrofits. The sales of the supplier are
the ordering cost of the manufacturer. The coststha supplier are the quadratic
manufacturing and inventory holding costs. The gidahe supplier is to maximize the sales
reduced with the relevant costs. The basic problas initiated by Holt et al. (1960). A
similar problem was analyzed by Dobos (2003) in MMS-environment for a reverse
logistics problem. The bullwhip effect was examiri®dDobos (2010) in a HMMS-supply
chain.

The supplier and the manufacturer want to negoéiateut the sales (purchasing) price of the
supplier and the quantity ordered by the manufactufhe situation is modeled as a
differential game. The decision variables of thpier are the sales price and the production
guantity of the supplier. The manufacturer will oke the cost minimal production plan to
minimize her costs, so maximize the cumulated fwofihe problem is a differential game
with two players. The problem is a Holt-Modigliakdiuth-Simon (HMMS-) type model
extended with linear purchasing costs. We will eixeartwo cases: the decentralized Nash-
solution and a centralized Pareto-solution to optnthe behaviors of the players of the
game.

The paper is organized as follows. Section two gmtssthe model with assumptions and
solves the decentralized case with the concephefdifferential game. The next chapter
investigates the cooperative solution, i.e. thdiggpants of the supply chain sums up all of
the relevant costs and optimize the system-wideblpno. In this section we will not
investigate the sharing of the benefits. In secfamr we demonstrate the functioning of the
models with a numerical example. Last we summadheeesults of the paper.

2. The decentralized system: The Nash solution

We consider a simple supply chain consisting of twuos: a supplier and a manufacturer. We
assume that the firms are independent, that i$y ekes her decision to minimize her own

costs. The firms have two stores: a store for raatenmls and a store for end products.
Moreover, we assume that the input stores are enimy is, the firms can order suitable

guantity and that they can get the ordered quanikitye production processes have a known,
constant lead time. The material flow of the madelepicted in Figure 1.



Figure 1. Material flow in the models
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The following parameters are used in the models:

T length of the planning horizon,
St) the rate of demand, continuous differentiatb[O,T],

| .(t) inventory goal size of manufactured prodtI(ffL[O,T],

I.(t) inventory goal size of supplied produtt] [O,T],

P.(t) manufacturing goal Ievet,D[O,T],

P.(t) supply goal levelt O[0,T],

hm inventory holding cost coefficient in manufactuggdduct store,

hs inventory holding cost coefficient in supplied gust store,
Cm production cost coefficient for manufacturing,

Cs production cost coefficient for supply,

p market price of the product of the manufacturer.

In the HMMS-model it is assumed that the managemébhe (manufacturer and supplier)
firms have fixed a production-inventory patterrattfs, the production plang, (t) andP,(t),
and planned inventory levels, (t) and I (t) are known before the planning horizon. The

objective of the managers of the firms is to mimenthe deviations from the fixed objective
level. The deviations are defined, as quadraticctional with known parameters. This
phenomenon was empirically tested by Holt, Modigliduth, and Simon (1960).

The decision variables:

| ..(t) the inventory level of the manufactured produds non-negativet D[O,T],
|.(t) the inventory level of the supplied product, ih@n-negativet D[O,T],
P.(t) the rate of manufacturing, it is non-negatit/E,[O,T],

P.(t) the rate of supply, it is non-negativé,] [O,T],

w the purchasing price of the supplied product.

The decentralized model describes the situationreviiee supplier and the manufacturer
optimize independently, we mean the manufacturgerdenes its optimal production-
inventory strategy first (the market demand is givexogenously), then she orders the
necessary quantity of products to meet the knovmaahel. Then the supplier accepts the order
and minimizes her own costs.



Next, we model the manufacturer in this HMMS-enmitent. The manufacturer solves the
following problem for a given purchasing pricé:

Jm(Pm(.);WN):

] p CB(t)dt - H%’“[l Lo-T.0F +C7m[Pm 0 -P,@Of +w" P, (t)}dt ~ max (1)
s.t.
I ®)=P (t)-S(t),!,0=1,, O0<t<T. (2)

The functional (1) is the cumulated profit of theamafacturer. It is easy to see that the
revenue is a known constant, so the problem camfoemulated, as a cost minimization in
the next way:

3 (P (w") Hh—;[lm(t)— Lol +%m[pm(t)—ﬁm(t)]2 " EPm(t)}dt Smin. (1)

Assume that the optimal production-inventory polafythe manufacturer in dependence of
the purchasing price is (I NOoLRY (D]) in model (1)-(2) and the manufacturer ordefs 0. ()
Then the supplier solves the following problem:

s poeer o)=wi e - [ {300 -Lof +Slpo-Pofja - mn @

S.t.

[,(0) = P) =P (1), 1,0) = I, O<ts<T (4)
Notice that problem (3)-(4) has the same plannioigzbn [0,T] as that of model (1)-(2). To
solve problem (1')-(2) we apply the Pontryagin’'s Waum Principle (see e.g. Feichtinger

and Hartl, (1986), Seierstad and Sydsaeter, (198%® Hamiltonian function of this problem
is as follows:

H (1 (0, P (), 92, (0),1) =
- {%”“[l RORINOE +C7”“[Pm ) ~PFOf +w" P, (t)} +n O IR, (1) ~ D))

This problem is an optimal control problem with @@tate variable constraints. To obtain the
necessary and sufficient conditions of optimaligy meed the Lagrangian function:

Lo (1 (1), P (1), 80, (1), A (), 1) = H o (1, (0), P (0,40, (1), 1) + A, () O, (1) -



Lemma 1 (I NoypXN ([ﬂ) is the optimal solution of problem (1')-(2) if amahly if there exists
continuous functiory,, [{ puch that for ald<st<T ¢, (t) # 0 and

@ )= ZelnOROLO4OY Loy v f o]-a0)

A (t)
(b)
N CHONNOFAGR SEMHONAORMORY
= mad, (12 ©.R,0.0,0.0 =p,0-w ]P0 - R 0-rof
(©) Aa()0n(t)=0, 2,(t)=0,
(d) w. (M)arT)=0 ¢, (T)z0.

We do not prove the above lemma; its proof candoed in the above mentioned literature.
The optimal solution can be easy constructed,afdptimal production rate and the optimal
inventory level are positive in along the plannimagizon.

Lemma 2 Assume that production-inventory strate(g;z P ([)]) Is an optimal solution for
model (1)-(2). Then the optimal solution must sBtithe following differential equation:

(I}E(t)]: 2 ;EEIN)}; ST
AW (G, P Rm) | PO Hal)

with initial and terminal condition

WN

In 0) = 1o, Py (M) =R (M) ———

mo ? m "
Cm

We do not prove this lemma, the proof can be fomndobos (2003). If production strategy
PN (0 is known, then problem (3)-(4) can be solved.

The manufacturer will order from the supplier, hetcumulated profit is nonnegative in the
planning horizon in dependence of the purchasimggpt.e.

T

I pS(t)dt - [ {%‘“[I Ny -T, 0 + %m[PmN ©-P.Of +w* P, (t)}dt >0.

0

If we solve the problem (1)-(2) changing the pusthg price, we achieve an upper bound for
this priced<w" <w. This means that the optimal cumulated profitraf manufacturer is
even zero, if the purchasing price is equal toughyger boundiv .



After optimal production strategyP! O()s given we can solve problem (3)-(4). The
Hamiltonian function of problem (3)-(4) is as folte

H.(1.0.ROL,0.1)= —{h—;[l O-Lo? ]+ 2[R0~ E(t)]z} +, 1R, - P ()

This problem is also an optimal control problemhwiture state variable constraints. To get
the necessary and sufficient conditions of optityalwve need again the Lagrangian function:

L (1), PO (0. A0, 1) = H (1), P. (0. (). 1) + A ) D, t).
The proof of the following lemma can be found agaithe mentioned literature.

Lemma 3 (I YorPN @ WN) is optimal solution of problem (3)-(4), if and grif there exists
continuous functior, [{ puch that for al0st<T ¢(t) # 0 and

(@) ws(t)=—’is('s(t)’Psd(t)(’ta”s(t)’”s(t)’t) w.0)=n]1" 0 -T.0]-1.0),

max{H. (1Y (), P. (). ().t = H.(1 X ©, P ©.0.0).1)

P, ()20

= max{H. (1} 1), POt =) P @) —C—ZS[PSN 0 -Pof,

P.(t)20

(b)

) A)oit)=0 Aft)=0,
@ g (r)od(m)=0 ¢/r)=0,

e w'=w.

For the case of positive inventory level and prdducrate the optimal strategy is presented
in the next lemma.

Lemma 4 Let us assume that production-inventory strateégg/([)l PN ([)]) is an optimal

solution for model (3)-(4). Then the optimal sodmtimust satisfy the following differential
equation:

N 0 1)/« —PN(t
(I_s (t)j: n o EEIS(U]* RO
PSN (t) CS PsN (t) Ps (t) - C— H| s(t)

with initial and terminal condition

ISN(O) = ISO’ PsN(T) :E(T)



Later we use the following notations: 18f and J)' be the optimal values of cost functions
(1) and (3) respectively, that is, let

I = H%mh Ny -T.0f +C7m[p>mN ) -P,O] +w" PV (t)}dt

and

0] {h—;[I Yo-1of + =[P o-Ro) -w @ (t)}dt -

0

The solutions of the two models are the well-kndvash solution of this game model. This
connection can be written, as

3N =3, (PN ()w)< 3, (P, ()w)
and
N =3P OWPYNO)< I (POW RN ).

In the next section we investigate the coordinatddtion of the examined model. We assume
that the supplier and manufacturer act as a confmmarand minimize the costs together. The
Nash solution has a property that the profit ofrtienufacturer is equal to zero. It means that
all of the profits are realized at the supplieour model.

3 The centralized system: The Pareto optimal soluin

In this section we solve the centralized modelt ihathe model, where the manufacturer and
supplier coordinate their decisions and sum uprél®vant profits. The cost functional does
not depend on the purchasing price in this modet gurchasing price is an inner accounting
tool of the gains. In this paper we do not investiggthe distribution of the profits at the end of
the planning horizon. The model is as follows

3.(P.()R()=
J{% 1.0-T,0 +2[F.0-R.0f +%[I 0-1.o] +=[Ro —E(t)]z}dt min ©
S.t.
I t)=P (t)-S(t), 0<t<T (6)
() =P(@t)-P.(t), 0<t<T, (7)

1,0)) (1o
(Is«»j'(le ®



The Hamiltonian function of model (5)-(8) is

H (1 ,(1), By (D), 1 (1), (D), ¢, (1), (1)

__ﬁ s 2, Cy 5 ml? E _imlP LG _5ml
=200 -L,0F S Ro-ROF 210 -Lol +SRo-RoT |

+4,® gR, 0 - SO]+ 4.0 R.0) - P, ()] -
The Lagrangian function is

L1 (), Pa(), 15(0), Pu(t), ¢ (0, 5 (£), A (8), A, (0),1)
= H (1, (t), P (), 150), P(0), (0, (1), 1) + A, (€) 0, (1) + A (0) O (1) -

The following lemma formalizes the well-known opéility conditions. Its proof can be found
in the literature mentioned in the previous section

Lemma 5 (In':(m PPOLI7 (DL PSP(D]) is optimal solution of problem (5)-(8), if and grif the
following points hold

AL(1 P (), PP (1), 17 (1), P2 (0).40,, (1), ¢ (1), A (1), A, (1), 1)
a) al (1)
==, [1 20 =T, 0]+ 1,0 = 0, 0),

AL(1 2 (1), PP (1).17 (1), PP (6).00,, ()40, (1), Ay (), A (D).1)
al.(t)

=—h,[1 P(t)-T. )]+ A.(0) = 0. (1),

b)
max{H (1 2 (t), P (), 17 (1), PP ()., (0,42 ().

P, ()20

= .00, O)PFO -2 Pr 0 -P0]
max{H (1,70, P (0,1 (0). P .47, ). 0.}
=0 0P O-3[Pro-Rof,
o A@oli)=o0 4,(t)=0,
A0021)=0, Alt)=0,

d  @a()-w.M)oa)=0 ¢,(r)z0



w.(T)or(m)=0, ¢, (r)=0

The optimal centralized production strategies fbe tmanufacturer and the supplier
respectively are

0, if M@ma) <0,
PP(t) - Cm
" 4n0-00 5 4y i 0205 50
C,, m - " '
and
0 40,5 m<0
PP (1) = ©

20,5, it 0550
C C

(o} C

These two equations are thgtimal linear decision rules. (See Holt-Modigliani-Muth-Simon
(1960).) Differentiating adjoint variableg/,, O(and ¢, O, and then substituting into the

conditions, the necessary and sufficient conditibesome a system of linear differential
eguations:

_ 0O 0 10 - S(1)

I.ri(t) o o -1 1|(['"® 0

BECH I L SN A O R S Y L (©)
Pr®)| [ Cm Pr (1) Cm Cm

B2(1) Lo oflrrw ORINO

with initial and ending conditions

1.0 _{lmoj
120) o)’

and

PY(T)) _(P.(T)
P"(T) P(M))
Finally, consider a notation: led’ :Jm(Pnf’(.),PSP(.)) denote the optimal value of cost

function (5). It is easy to see th} <J +J.', i.e. the Pareto solution of the problem has a
lower cost and a higher profit.

4. A numerical example
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Take the following parameters and cost functiongroblems (1)-(2), (3)-(4) and (5)-(8), as
in Table 1.

Table 1. Parameter specification for the example

Description Data
Length of planning horizont 5
Demand ratesy(t) sin(t)+2
Delay of the supplyr 0.5
Manufacturing rate goal leveP_ ([} 1.0
Supply rate goal levelP, (1) 0.85
Inventory size goal level in manufacturing stol_g;([ﬂ 0.5
Inventory size goal level in supply stork;([)] 0.3
Initial inventory level in manufacturing storé;  (O) 0.25
Initial inventory level in manufacturing storé; (0) 0.5
Manufacturing cost coefficient;, 1.0
Supply cost coefficient 0.5
Inventory holding cost coefficient in manufacturisigre:h,, 2
Inventory holding cost coefficient in supply stohe: 1
Sales price of the end product 0.764

In the following we solve the decentralized andadbetralized problem.

5.1 The solution of the decentralized problem

The decentralized problem is a hierarchical prddactplanning problem. First the
manufacturer solves her planning problem then thten@l ordering policy is forwarded to
the supplier. Finally, the supplier optimizes havnorelevant costs based on the known
ordering policy of the manufacturer.

First we determine the upper bound for the purctwpgrice. If the purchasing price is greater

than this value, then the manufacturer has a negatofit and she looks for a new supplier
with a lower purchasing price. The problem of thenofacturer is as follows:

J,.(w)= j{g[l NOBKL +%[Pm(t) -1’ +WD3m(t)}dt ~ min

S.t.
I,.(t)=P_(t)-sint)-2,1,(0) =025 0<t<5
The revenue of the manufacturer is equal to 12T5€. upper bound is 0.4, i.& = 04. Let

us now substitute this value of the cost functibthe manufacturer. The optimal solution can
be determined with help of Lemma 2, because thienapinventory level and production rate

are positive. Let the optimal the optimal solutimnfunctionsP) [)and | (.

11



The minimal cost of the manufacturer is 9.594 yniitat is,J ) = 9. 594 The cumulate profit
is zero.

Figure 2. Optimal manufacturing and supply rates f@ the decentralized models

t

In the next step we solve the problem of the sepplivhere the manufacturer’s ordering
policy P () is given:

5

04PN (t)dt — 1[|S(t) - 03 O'S[Ps(t) - 085 ldt — min
2

J, = =
) 2

O ey 1

s.t.
() =P,(t)-P)(),!,(0=05 0<t<5

The optimal solution for the supplier is functios' (1 and I (), applying the results of
Lemma 4.

The optimal production rates and inventory leveésshown in Figures 2 and 3.
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Figure 3. Optimal manufacturing and supply inventory levels for the decentralized
models

The cumulated profit of the supplier is 1.306 unttsat is J' =1. 306 The total cost of
manufacturer and supplier is 8.288 units in thisedéralized strategy of the supply chain, that
is JN +JN =8.288.

5.2 The solution of the centralized problem

In the following we solve the centralized problem:
5

I = J{%[' () = 05]° +%[Pm(t) -1 +%[|s(t) - 03] +%[Ps(t) - OBS]Z}dt . min
0

s.t.
I, .(t)=P,(t)-sint)-2, 0<t<5

I.(t)=P,(t)-P, (), 0<t<5

I,(0)) (025

1.0)) (05
The optimal solution of this problem is given aftbe solution of the following differential
equation (see (9)):

IP)) (0 0 1 O)(I12(@) (-sint)-2
12t _|00 -11 12(t) .\ 0

PP(t)| |2 -1 0 O [P’ t) -07
P°(t)) \0 2 0 0)|P"t) -06

(9)

13



with initial and terminal conditions
1,0 (025

1.0)) | 05)

and

PPMY)_( 1

P°(T)) 085/

The optimal production rates and inventory leveéssbhown in Figures 4 and 5.

Figure 4. Optimal manufacturing and supply rates f@ the centralized model

1)

The minimal cost of the centralized system is 6.88ifs, where the manufacturer’s cost is
4.656 units and the supplier's cost is 2.231 urthst is, J;, =6. 887 J. =4.656 and

J¢=2231

14



5.3 Comparison of the solutions of the decentraliceand the centralized system

First, compare the production rate and inventovgllef the manufacturer and the supplier in
the cases of the decentralized and the centraigsttm, where Imdimg, Isd and Isg are
for the inventory level for the manufacturer and tlee supplier in the decentralized and the
centralized model respectively.

Figure 6 The inventory level of the manufacturer in the decentralized and the
centralized system

0.6 I

0 200 400 600 800 1000

Figure 7 The inventory level of the supplier in thedecentralized and the centralized
system

0.6

| | | |
0 200 400 600 800 1000

t

0.2

In this example the inventory level of the manufiaet decreases in the case of cooperation,
that is, in the centralized system. The inventemel of the supplier first decreases, and then
increases when the participants cooperate in tpelgehain, see Figures 6 and 7.

15



Figure 8 The production rate of the manufacturer inthe decentralized and the

centralized system
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As we see, the production level in the centraliggstem is smoother, that is, the growth of
the production rate is smaller than that in theecat the decentralized system, and the
contrary is true for the supplier, that is, in thexentralized system the production rate of the
supplier is smoother than that in the centralizgstesn, where PmdPmeg, Psd and Pscare

for the production level for the manufacturer andthe supplier in the decentralized and the
centralized models respectively, and S(t) is fer éixogenously given demand, see Figures 8
and 5. This phenomenon is the decreased bullwifgetah the centralized model.

Figure 9 The production rate of manufacturer in the decentralized and the centralized

system
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The optimal costs of the decentralized and therabned problem are presented in Table 2.
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Table 2. The optimal profits of the example

Decentralized Centralized
problem problem
Manufacturer costs (Jm) 9.594 4.656
Supplier costs(Js) -1.306 2.231
Total costs(Jys) 8.288 6.887

As we have seen, the total cost of the centralipemblem is lower than that of the
decentralized one. The cost reduction is approxipat%. In the centralized problem the
manufacturer cost increases with more than 1% lamgupplier cost decreases with 4.5%.

After the above analysis the question of how torestthe savings, the cooperation of the
participants in the supply chain induces, comestage.

5. Conclusion and further research

In this paper we have solved two two-stage HMMSetgppply chain models: a decentralized
and a centralized model. We have showed that tbheeration of the two players induces
savings in costs.

As an illustration for our results we have presdrge exact number example. In this example
the supplier's cost of adaption in production te tfuctuations in the orderings of the

manufacturer is higher than that of the manufactusoreover, the production costs are

dominant over the inventory costs. Therefore mas surprising at all that in the centralized

model the supplier has reduced her inventory leasd, the manufacturer’s inventory level is

higher than that in the decentralized model, acd versa for the supplier.

The reason of this fact is that the manufacturenimmzes her relevant cost in the
decentralized model, so that her production levelgar to the demand rate. After cooperation
the manufacturer gives up to follow her cost optipraduction strategy to allow the supplier
to reduce her own production-inventory cost implyia decrease in the total cost of the
supply chain as well, since the supplier's costigpawalances out the increase of the
manufacturer’s cost.

This phenomenon points at the well known bullwhife@ of supply chains in a way: the
supplier decreased the inventory level after infmion sharing (cooperation), and she
adjusted her production rate closer to the demate r

In this type supply chains the two players mightehasymmetrical roles. It can happen that

the manufacturer has much stronger bargainingipoditan that of the supplier or vice versa.
To analyze the mentioned bargaining situationfisfée a further research.
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